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Gridshell structures achieve high material efficiency by discretizing freeform surfaces
into well-structured meshes. The irregular kagome mesh, composed of alternating
triangles and hexagons with singular non-hexagons, offers high adaptability to complex
geometries. However, this special tessellation pattern poses challenges for structural
performance-oriented meshing. In this paper, a generation method guided by principal
stress lines is presented to create irregular kagome meshes with optimized structural
efficiency on predefined geometries. A weighted average cosine similarity metric is
introduced to evaluate the conformity between the gridshell mesh and stress directions of
the underlying base surface shell. Analysis on several geometries shows positive
correlation between the efficiency and the conformity with the second principal stress
lines, demonstrating the rationality to use stress lines as a guidance for irregular kagome
mesh generation. In the phased generation process, a sparse triangular mesh is generated
as the topology skeleton and subdivided without creating new singularities. The
optimization method utilizes the topological concordance between the skeleton and the
kagome mesh, and directly searches for solutions in mass-generated skeletons. We also
proposed a topology control method of skeletons by directional triangulation of
quadrilateral strips. The approach is validated through a case study on the freeform roof
of China National Botanic Museum. Our method enables meshing with optimized
structural efficiency and regularity, outperforming engineer-designed solutions.

Keywords: gridshell, principal stress line, irregular kagome mesh, mesh generation,

optimization.

INTRODUCTION

Gridshell structures have been widely used in
complex freeform architecture due to their
efficiency in achieving freeform geometries. By
discretizing continuous surfaces (hereinafter the
basic surface) into well-structured meshes,
gridshells obtain high structural capacity with less
material, which meets the demand of resource-

efficient construction practices. In typical design
workflow of gridshells with given basic surfaces,
the mesh configuration, including tessellation
pattern, density, orientation, and singularities,
emerges as an important factor influencing
structural performance (Oval et al.,, 2019).

As a complex tessellation pattern inspired
from weaving handicrafts, the irregular kagome
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mesh, composed of alternating triangles and
hexagons with singular non-hexagonal elements,
has been applied in several architectural projects,
whose geometric adaptability and high structural
efficiency has been studied (Martin, 2015; Huang
W, Wu, and Huang J, 2017; Mensil et al,, 2017).
However, the complexity in vertex connections of
irregular kagome mesh, together with unique
load-bearing mechanism, poses challenges to
structural performance-oriented mesh generation.
Some studies discussed the relationship between
the structural performance of kagome gridshell
and mesh topology (Ayres, Martin, and Zwierzycki,
2018), and further noticed the significant effect of
non-hexagonal singularities (Hu, Huang, 2022),
yet these insights have not led to generation
methods. Research on topology control methods
and meshing quality indicators for kagome mesh
is insufficient, resulting in the lack of means and
objectives for generation. Here, we propose a
method to create irregular kagome gridshells with
high structural efficiency on complex geometries.
We introduced the indicator based on principal
stress lines (PSLs) as a guidance for generation. By
filtering of triangular topology skeletons as
precursors, or generating skeletons directly from
PSL, the method can obtain solutions with
optimized structural performance.

RELATED WORKS

High-quality mesh generation method on
freeform geometries has always been a widely
explored interdisciplinary topic, where the quality
is generally understood as follows: high meshing
accuracy, fewer singularities, and controlled
isotropy or anisotropy. The existing approaches
mainly control mesh density and orientation by
constructing Riemann frame fields (RFF) (Qi et al,,
2024) including cross field (Lv et al., 2009) and
rotational symmetry field (Rosy) (Lai et al., 2009).
Software tools integrating the methods are also
developed (Jakob et al, 2015). For anisotropic
meshing, embedding methods are proposed to
perform meshing in the domains embedded
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according to curvatures (Dassi, Mola, and Si, 2014)
or metrics (Dai, Su, and Fu, 2024) to align the
mesh to specified configuration. In terms of
tessellation pattern, quadrilateral meshes are
frequently preferred due to their suitability for
structured meshing, whereas triangular meshes
are more flexible for complex geometries. There
are also specialized generation methods for
hexagonal meshes (Pluta et al., 2021), but other
intricate tessellation patterns are rarely studied.

For structural performance-oriented meshing,
most studies focus on quadrilateral meshes due
to the nature of bi-directional edges, which allows
the mesh to be directly derived from important
pairwise vector fields related to geometric or
structural properties (Schiftner and Balzer, 2010;
Oval et al., 2019; Chai et al., 2023).

Among the few studies on triangular mesh,
Winslow, Pellegrino, and Sharma (2010) proposed
a method based on triangular sub-regions with
separately assigned orientations, Su et al. (2014)
presented an advancing-front meshing method
to follow PSLs, and Wang et al. (2024) introduced
principal stress field as the orientation field in the
method of Jakob et al. (2015). Due to the similarity
between kagome and triangular meshes, these
triangular meshing methods are instructive for
our research, but they are not designed to
minimize singularities, which is the basic
requirement in the generation of kagome meshes.

Principal stress lines (PSLs) contain two
families of curves that represent the paths of
principal stresses within a continuum (here refers
to the continuous shell). Principal stress is the
maximum and minimum normal stress of the
principal section plane, and only axial stress zero
shear stress is transferred in the corresponding
direction.  PSLs intuitively  reflect  stress
distribution and provide guidance for the
structural efficient designs. The application of PSL
and principal moment lines in the design of planar
structures has been early studied (Michell, 1904;
Thamm, 2000; Halpem, Billington, and
Adriaenssens, 2013), and the research on spatial



gridshells started later based on the development
in finite elements (Su et al. 2014; Chai et al., 2023;
Zhu, J, et al, 2025). Recent advances have
integrated stress trajectory generation algorithm
into software plugins such as Karamba3D
(Preisinger, 2013), which allows the integration of
PSLs into parametric design processes. Currently,
there are two main methods for converting PSLs
into meshes: rules-based (Tam and Mueller, 2015)
and clustering-based (Yu, Dai, and Shi, 2022).
The main issue of applying PSLs to irregular
kagome meshing is to minimize singularities
while controlling the orientation. In this paper, the
objective is achieved by a filtering process among
random and mass-generated triangular topology
skeletons. Clustering-based PSL simplification is
also used in this research for an optional
generation method of topology skeletons.

METHODOLOGY

In this section, a weighted cosine similarity metric
is defined to quantify the conformity between the
mesh orientation and principal stress lines. Two
structural efficiency indicators derived from
maximum displacement and stress are introduced,
and the efficiency-alignment relationship is
demonstrated. To minimize singularities, a
phased meshing method is proposed, where
sparse triangular topology skeletons are
randomly generated as the precursor of the
kagome meshes, and the solution searching
method can be directly executed on topological
skeletons. Furthermore, a triangular skeleton
generation method based on PSL-aligned quad-
mesh is proposed as an alternative of undirected
random generation.

Weighted cosine similarity as a mesh
alignment metric

Since the irregular kagome mesh is a local tri-axial
and global undirected pattern derived from
triangular meshes, it is difficult to be directly
aligned with orthogonal principal stress field in
the same way as quad-meshes, especially when

the original triangular mesh faces deviate from
right triangles and approach equilateral triangles.
Therefore, we construct a weighted cosine
similarity metric to quantify alignment between
the mesh edges and PSLs.

The implementation involves three key steps.
First, finite element simulation is performed on
the base surface treated as a continuous shell
under certain loads to obtain the first and second
principal stress fields. This step is conducted by
the Karamba plugin on the Rhinoceros platform.
Second, for each mesh edge, several nearest
sampling points to its midpoint are selected in the
field, and principal stress vectors at these points
are averaged. The absolute value of the cosine
similarity between the averaged vector and the
mesh edge direction is then determined. Finally,
the weighted average of cosine similarities is
calculated as the global alignment metric for the
entire mesh, where each weight is the product of
the mesh edge length and the corresponding
principal stress magnitude. The weighted cosine
similarity WCS(o) is derived by the following
formula

n
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where n is number of nearest sampling points (set
as 4 in this paper), m is the number of mesh edges,
a;; is the corresponding principal stress vector, 6;
is the angle between edge direction and the
averaged stress vector, and [; is the length of each
edge.

Structural efficiency indicators

In the design of gridshell structures, stiffness
(related to buckling) and strength (related to local
element failure) are key aspects of structural
performance. Here, we provide two structural
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efficiency indicators to evaluate the meshing
schemes. The stiffness-based structural efficiency
SE, characterizes the efficiency of the structure in
achieving stiffness, while the strength-based
structural efficiency SE, characterizes the
efficiency of the structure in utilizing material
elasticity. Both indicators are derived by the
following formula

1

SE, = ] 3
1

SE, = P 4)

where Z1 is the overall mesh edge length, 4, is
the maximum displacement, and ¢,,,, is the
maximum stress of the gridshell structure.

It should be noted that both indicators are
limited to comparing structural schemes with the
same basic surface but different meshing patterns,
and there is no comparability between schemes
with different basic surfaces, materials, or cross-
section of components, and the two indicators are
also incomparable. In addition, the indicators
calculated from the same mesh under different
load cases cannot lead to conclusions about the
load bearing mechanism of the structure.

Alignment-efficiency relationship
In this section, meshing and structural simulation
were conducted on several commonly used free-
form surfaces in the design of gridshell structures,
and the relationship between weighted cosine
similarity WCS(o) and the structural efficiency
SE, and SE, was studied.

The free-form basic surfaces include the five-
petaled surface, shallow dome with holes, open

ellipsoid, and semi-metaball, with the largest
spans around 40-50m, as shown in Figure 1.

Given that engineers tend to design simple
mesh patterns on complex freeform surfaces, the
meshing pattern shown in Figure 1 is used as a
benchmark sample for comparing structural
efficiency. The structural efficiency SE, and SE,
of other meshes is normalized by dividing by the
benchmark value to obtain the relative efficiency
SE, and SE;. On each surface example, 200
irregular kagome meshes are randomly and
generated in one step using the circle packing
and midpoint subdivision algorithm proposed in
Huang et al. (2022). Different meshes are
controlled by random seeds, and the total edge
length of meshing schemes is controlled to be
close.

In terms of structural simulation, according to
common methods of former studies (Hu, Huang,
2022), each group of gridshells are modelled as
continuous beams interweaving by intermediate
hinges at the mesh vertices, using circular cross-
section steel beams with a uniform diameter and
thickness. The load includes a live load of 1 kN /
m? and a dead load of twice of the self-weight of
the beams, and the supports are set as hinges.

The simulation results of the meshed samples
for each surface shape are shown in Figure 2,
where the vertical axis represents the relative
efficiency indicators, and the horizontal axis
represents WCS(a). The W(CS(o) between the
mesh edges and the first and second principal
stress directions are calculated separately as
WCS(oy) and WCS(ay).

(b) Shallow Dome

(a) Five-petal surface
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(c) Open ellipsoid (d) Semi-metaball

Figure 1

Freeform surfaces
with relatively
regular kagome
mesh patterns



Figure 2
Relationship
between weighted
cosine similarity
and structural
efficiency of four

groups of samples.

Green points
represent SEy, and
blue points
represent SE;

Figure 3

Phased generation
process with
coarse triangular
topology skeleton
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A positive correlation between structural
efficiency and WCS(a,) is observed in the five-
petal surface, shallow dome and metaball, and the
strength-based structural efficiency SE, shows a
more significant effect. This relationship can be
explained by the fact that the configuration of
materials aligned with the principal compressive
direction is beneficial for reducing the maximum
stress, thereby mitigating local failure, which is
consistent with the empirical rules of gridshell
structure design. Conversely, the stiffness-based
structural efficiency SE, exhibited a weaker
correlation with the alignment indicators,
suggesting more complex mechanism underlying
structural stiffness.

Trregular kagome
mesh

Due to the deviation from the ideal geometry
of a pure compression dome, for the shallow
dome with holes and the open ellipsoid, the
structures demonstrate non-membrane behavior
under load, resulting in additional internal
bending moments. The bending-induced stress
cannot be adequately represented by PSLs,
limiting the effectiveness of PSLs as a guideline
for such structural forms. Furthermore, we
speculate that PSLs are primarily informative for
meshing on basic surfaces with clear load
transmission paths. For less optimal basic surfaces,
the mesh layout is likely not the dominant factor
influencing structural performance; however, this
hypothesis requires further investigation.
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Mesh generation by PSL-guided
selection of topology skeleton

In this section, a phased generation strategy is
introduced to improve the structural performance
of irregular kagome meshes by minimizing
singularities. It is obvious that when the surface is
pre-divided into several triangular sub-regions,
for the triangular mesh obtained after n-uniform
subdivision on the sub-regions, the number of
singular points keeps the same with the topology
skeleton. The obtained triangular mesh is further
subdivided at the midpoint, and the number of
singular polygons in the generated kagome mesh
is minimized, as shown in Figure 3.

To verify the effectiveness of the meshing
strategy, 200 topological skeletons are randomly
generated by the packing algorithm, based on the
five-petal surface in Figure 1, and subdivided into
irregular kagome meshes as meshing samples. As
shown in Figure 4, the structural efficiency SE, of
the samples is better than that of the directly
generated triangular meshes under the same or
even lower level of W(S(0,), where the reduction
of singular points plays a major role. In addition,
the relationship between the alignment metric
and the efficiency indicator gets enhanced in the
topology-controlled meshes, making it possible
to use the topological skeleton to filter meshes
with the best performance without time-
consuming structural simulation.

PSL-guided generation of topology
skeleton

Although mesh configurations with optimized
structural efficiency can be searched in large
numbers of samples, there is still room for
optimization in the generation of topological
skeletons. As an alternative of undirected and
random generation, here, we propose a PSL-
guided generation method of triangular topology
skeletons based on commonly used generation
method of quadrilateral mesh aligned with PSLs
in prevalent approaches (Tam and Mueller, 2015;
Yu, Dai, and Shi, 2022).
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Irregular kagome mesh can be decomposed
into continuous polylines interweaving at the
mesh vertices. This continuity is determined by
the orientation of the zig-zag strips in the
corresponding triangular meshes, as shown in
Figure 5. The orientation of overlapping triangular
mesh strips at the same time is a difficult problem,
and to our knowledge, there are few methods
suitable for the mesh generation task introduced
in this paper. Here, we use the nature of
bidirectional strips of the quadrilateral mesh.
Through the triangulation in consistent direction,
quadrilateral strips can be transformed into zig-
zag triangle strips, and then into continuous
components in the irregular kagome mesh with
retained orientations. Therefore, the components
can be aligned with the direction of PSLs. Since
aligning all strips at the same time is difficult, a
selection of strips that retain continuous
directions is needed. In this paper, the strips are
selected according to local values of principal
stresses.

Five-petal: Second Principal Stress Dircction

0.6 0.61 0.62 0.63 0.64 0.65 0.66
WCS(02)

SE*(Normalized S

Randomly generated mesh  ® Topology skeleton-controlled mesh

Figure 4

Structural efficiency
and weighted cosine
similarity indicators of
topology-controlled
meshes (blue) and
randomly generated
meshes (yellow)

Figure 5

Zig-zag strip in the
triangular meshes and
continuous curve in the
irregular kagome mesh



Figure 6
Triangular mesh
generation from

quadrilateral mesh

Figure 7

Surface of the
freeform roof of
China National
Botanic Museum

Figure 8
Normalized
structural
efficiency of
skeleton-
controlled mesh
and PSL-guided
mesh compared
with engineer-
designed mesh

Method A

Method B

As shown in Figure 6, both connecting
quadrilateral diagonal and adding the face center
can be used in this study, but triangulation along
the diagonal will cause the generated kagome
mesh to deviate from regular polygons and get
close to polygons with right angles, so we convert
each quadrilateral into four triangles by adding
the face center and connecting it to the corner
points. In the second step, the two pairs of
opposite sides which belong to the original
quadrilateral mesh are calculated with their
angles with the second principal stress direction,
and the pair of sides with the larger angle will be
flipped. Finally, Laplacian smoothing is applied for
a regular triangular topological skeleton.

CASE STUDY: CHINA NATIONAL
BOTANIC MUSEUM

In this section, the weighted cosine similarity-
based filtering method and PSL-directed
topology-based generation are verified on the
freeform large-span roof in the design proposal
for China National Botanic Museum. As shown in
Figure 7, the five-petal shaped complex freeform
surface has several grounding parts at the edges
of the surface (red dots), while other segments of
the edges are cantilevered, and the largest petal
of the surface incorporates a grounded flared
opening. Two petals are additionally supported at
the middle of the span. The largest span of the

structure is roughly 90 meters. The meshing
scheme of the gridshell designed by the engineer
is also shown in Figure 7, and the section of
beams is 300mm*800mm. We use the
combination of a live load of 1kN per square
meter and a dead load of twice self-weight for
simulation. To verify the effectiveness of the two
strategies, 50 topology skeletons are randomly
generated using the undirected method, and a
PSL-guided quadrilateral mesh was generated
and triangulated to get a directed mesh skeleton
sample. The efficiency of the structural scheme
generated based on these topological skeletons
is shown and compared in Figure 8. The kagome
mesh  pattern derived from PSL-guided
generation method of topology skeleton shows a
stress-based  structural efficiency that is

significantly higher than the engineer's scheme.
The whole process of the PSL-guided topology
skeleton-controlled generation method is shown
in Figure 9.

\

Supports

Botanic Museum Roof: Second Principal
Stress Direction
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® First principal stress lines

® Sccond principal stress lines

(a) Principal stress lines (PSLs)

(bb) Second principal stress lines selected by the clustering of curve features

(c) Quadrilateral mesh

(¢} PSL-guided & skelelon-conirolled kagome mesh

CONCLUSIONS

This paper proposes a batch of guided kagome
mesh optimization generation methods guided
by principal stress line (PSL). Through rule-based
filtering and directional topology skeleton
generation, the optimization of irregular kagome
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(d) Triangulated mesh skeleton

(D) Engineer-designed kagome mesh

meshes on complex free-form geometries is
preliminarily achieved.

The main contribution of the research is to
establish an alignment metric for irregular mesh
edges with the principal stress direction. It can be
foreseen that the metric is also applicable to the
principal bending moment field or other custom

Figure 9
PSL-guided
topology skeleton-
controlled
generation method
of irregular kagome
mesh and engineer-
designed mesh



vector fields. Meanwhile, statistical tools are used
to study the structural mechanism, trying to
restore the empirical principles in the mesh
design of gridshell structures. In view of the
sensitivity of kagome meshes to singularities,
sparsely divided triangular meshes are used as the
skeleton to control the kagome mesh topology.
While reducing singular points and improving
structural performance, it also simplifies the
process of searching for the optimal meshing
solution. The mesh generation of a practical
architectural case with complex geometric shapes
proves the effectiveness of our approach. In this
study, the relationship between the efficiency of
the structure in terms of strength and the
alignment of the mesh is discovered, but the
mechanism of the structural design in terms of
stiffness still need to be further clarified.

ACKNOWLEDGEMENT
This paper is sponsored by National Natural
Science Foundation of China No.52478020.

REFERENCES

Ayres, P., Martin, A.G. and Zwierzycki, M. (2018).
‘Beyond the basket case: a principled
approach to the modelling of kagome weave
patterns for the fabrication of interlaced
lattice structures using straight strips’, In:
Advances in Architectural Geometry 2018,
Chalmers University of Technology, pp. 72-
93.

Chai, H. et al. (2023). ‘Rationalizing principal
stress line networks using an agent-based
modelling approach’, In: Advances in
Architectural Geometry 2023, De Gruyter, pp.
441-453.

Dai, Y., Su, J.P. and Fu, X.M. (2024). ‘Anisotropic
triangular meshing using metric-adapted
embeddings’, Computer Aided Geometric
Design, 111, p. 102314.

Dassi, F., Mola, A, and Si, H. (2014). ‘Curvature-
adapted remeshing of CAD surfaces’,
Procedia Engineering, 82, pp. 253-265.

Halpem, A.B., Billington, D.P., and Adriaenssens,
S. (2013). ‘'The ribbed floor slab systems of
Pier Luigi Nervi', In: Proceedings of IASS
Annual Symposia, Vol. 2013, No. 23,
International Association for Shell and Spatial
Structures (IASS).

Hu, J. and Huang, W. (2022). ‘Effects of singular
polygons on the structural performance of
irregular kagome gridshell with continuous
rods’, In: Proceedings of IASS Annual
Symposia, Vol. 2022, No. 9, pp. 1-11,
International Association for Shell and Spatial
Structures (IASS).

Huang, W., Wu, C. and Huang, J. (2017). ‘A
weaving structure for design & construction
of organic geometry’, In: Proceedings of IASS
Annual Symposia, Vol. 2017, No. 7, pp. 1-8,
International Association for Shell and Spatial
Structures (IASS).

Jakob, W. et al. (2015). ‘Instant field-aligned
meshes’, ACM Transactions on Graphics,
34(6), pp. 189-1.

Lai, Y.K. et al. (2009). ‘Metric-driven rosy field
design and remeshing’, IEEE Transactions on
Visualization and Computer Graphics, 16(1),
pp. 95-108.

Lv, Y. et al. (2024). ‘Enhanced block-structured
quadrilateral mesh generation: integrating
cross-field and distance field for optimal
domain decomposition’, Engineering with
Computers, pp. 1-16.

Martin, A. G. (2015). ‘A basketmaker's approach
to structural morphology’, In: Proceedings of
IASS Annual Symposia, Vol. 2015, No. 29, pp.
1-8, International Association for Shell and
Spatial Structures (IASS).

Mesnil, R. et al. (2017). ‘Linear buckling of
quadrangular and kagome gridshells: a
comparative assessment’, Engineering
Structures, 132, pp. 337-348.

Michell, A. (1904). 'The limits of economy of
material in frame-structures’. The London,
Edinburgh, and Dublin Philosophical

Volume 2 - Confluence - eCAADe 43 | 343



Magazine and Journal of Science, 8(47), pp.
589-597.

Oval, R. et al. (2019). ‘'Feature-based topology
finding of patterns for shell structures’,
Automation in Construction, 103, pp. 185-
201.

Pluta, K. et al. (2021). 'PH-CPF: Planar hexagonal
meshing using coordinate power fields’, ACM
Transactions on Graphics (TOG), 40(4), pp. 1-
19.

Preisinger, C. (2013). 'Linking Structure and
Parametric Geometry’, Architectural Design,
83, pp. 110-113.

Qi, L. et al. (2024). 'RFF-meshing: a parallel and
anisotropic quad-dominant mesh generation
framework based on Riemann frame field’,
Engineering with Computers, pp. 1-23.

Schiftner, A. and Balzer, J. (2010). ‘Statics-
sensitive layout of planar quadrilateral
meshes’, In Advances in Architectural
Geometry 2010 (pp. 221-236), Springer,
Vienna.

Su, L. et al. (2014). ‘An automatic grid generation
approach over free-form surface for
architectural design’, Journal of Central
South University, 21(6), pp. 2444-2453.

Tam, K., and Mueller, K. (2015). ‘Stress Line
Generation for Structurally Performative
Architectural Design’, In: 35th Annual
Conference of the Association for Computer
Aided Design in Architecture (ACADIA):
Computational Dcologies: Design in the
Anthropocene

Thamm, F. (2000). ‘The role of the stress
trajectories as an aid in the choice of the
suitable shape of load-bearing structural
element of engines and structure’, Periodica
Polytechnic Mechanical Engineering, 44(1),
pp. 171-183.

Wang, J., et al. (2024). 'Design and optimization
of functionally-graded triangular lattices for
multiple loading conditions’, Computer
Methods in Applied Mechanics and
Engineering, 432, 117335.

344 | eCAADe 43 - Volume 2 - Confluence

Winslow, P., Pellegrino, S., and Sharma, S. B.
(2010). 'Multi-objective optimization of free-
form grid structures’, Structural and
multidisciplinary optimization, 40(1), pp. 257-
269.

Yu, Z., Dai, H., and Shi, Z. (2022). 'Designing truss
in architecture: Method and applications
based on clustering algorithms and principal
stress lines’, Computer-Aided Design,151:
103330.

Zhu, J. et al. (2025). 'Principal Stress Lines (PSLs)-
guided discrete topology designs for self-
similar porous infills in shell structures with
fractal geometry’, Thin-Walled Structures,
112915.



	INTRODUCTION
	related works
	methodology
	Weighted cosine similarity as a mesh alignment metric
	Structural efficiency indicators
	Alignment-efficiency relationship
	Mesh generation by PSL-guided selection of topology skeleton
	PSL-guided generation of topology skeleton

	casE study: china national botanic museum
	conclusionS
	acknowledgement
	REFERENCES

