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3D meshes are widely used in computational design for creating complex architectural 
and structural forms. When these forms are built from flat sheet materials, the mesh must 
be divided into pieces that can be fabricated. While many methods exist for splitting 
surface meshes, there is a lack of solutions for volumetric meshes, especially those from 
3D Graphic Statics, which provide structural strength and spatial depth. 
This research presents a graph-based method for breaking down multi-layer volumetric 
meshes into flat, buildable segments. First, redundant faces are removed using a weighted 
rule that balances structure and material savings. The mesh is then represented as a dual 
graph, with special handling for complex connections to fit standard graph algorithms. 
We use a customized segmentation algorithm that groups faces based on geometry and 
connectivity, forming segments that are both structurally sound and easy to fabricate. 
Each segment is further processed to ensure it can be unfolded flat and assembled from 
sheet material. 
A case study shows that this approach can reduce material use by 42% while maintaining 
structural performance, producing 35 segments. Our framework supports the practical 
construction of spatial mesh structures from sheet materials and expands mesh 
decomposition methods to force-based designs. 
 
Keywords: Volumetric meshes, Graph-based segmentation, Flat sheet material 
fabrication, 3d Graphic Statics 

INTRODUCTION 
In computational design, mesh-based 
representations are central to modeling and 
fabricating complex spatial forms. While 2-
manifold surface meshes are widely used for 
digital fabrication, more complex volumetric and 
multi-manifold meshes (VMs) provide unique 
opportunities to encode both geometry and 
structural logic. However, the fabrication of these 
richer mesh types—particularly using flat sheet 
materials (FSMs)—remains largely underexplored. 
This research introduces a method for 
decomposing VMs into fabricable segments, 

bridging the gap between computational form-
finding and material realization. 

Volumetric meshes 
VMs are critical in computational design, 

enabling simulation of physical behaviors and 
fabrication of complex freeform or multi-material 
structures by representing both surfaces and the 
full 3D volume of objects. Unlike 2-manifold 
surface meshes (boundary meshes) which only 
describe an object's skin, VMs incorporate volume 
elements (e.g. tetrahedra or hexahedra) that fill 
the interior. This distinction is important: 2-
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manifold meshes capture geometry as a thin shell 
(each edge typically shared by two faces), whereas 
VMs are “full dimension” with cells (like 
tetrahedra) whose faces can be shared by multiple 
neighboring cells. The volumetric approach 
enables modeling of internal features, material 
distributions, and structural characteristics that 
surface meshes cannot directly represent. 

Mesh decomposition for fabrication 
The decomposition of 3D meshes into 

manufacturable components is a key step in 
digital fabrication, particularly when using FSM. 
As discussed earlier, most existing research 
focuses on 2-manifold surface meshes, 
employing segmentation, unfolding, or hybrid 
methods designed for surface geometry. These 
methods, while effective for boundary 
representations, are often insufficient for 
addressing the complexities of volumetric 
structures. 

Segmentation approaches aim to divide a 
mesh into geometrically or semantically 
meaningful parts, using techniques such as 
approximate convex decomposition, space 
partitioning, and surface fitting to simplify 
geometry for fabrication (Rodrigues et al., 2018). 
For flat-sheet fabrication, unfolding methods play 
a central role, but traditional heuristic algorithms 
like steepest edge unfolding or flat tree unfolding 
often struggle with non-convex geometries (Xi et 
al., 2016). Optimization-based unfolding 
strategies improve layout efficiency and reduce 
overlaps, often incorporating glue tabs and 
assembly guides for practical reconstruction. 

Hybrid techniques integrate segmentation 
and unfolding by evaluating foldability and 
ensuring each part can be reassembled without 
self-intersection, though this may result in many 
small components and complicate assembly (Xi et 
al., 2016). Nearly convex decomposition offers a 
balanced approach, producing part-aware 
segments that are easier to unfold and 
reassemble (Lien and Amato, 2008). 

In contrast to these surface-focused methods, 
graph-based decomposition of VMs presents a 
promising alternative. Kremer et al. introduced a 
method for hexahedral mesh generation via dual 
graph reduction, where cycles in the dual graph 
are eliminated based on geometric criteria such 
as dihedral angles. Although intended for mesh 
generation, this approach of processing sheet-
like layers in volumetric meshes offers valuable 
insights for fabrication-oriented decomposition 
(Kremer et al., 2013). 

Building on these foundations, this research 
addresses the underexplored problem of 
decomposing volumetric meshes into unfoldable 
parts, facilitating their fabrication from FSM. 

3d graphic statics form-finding 
3D Graphic Statics (3DGS) is a modern 

extension of classical graphic statics, originally 
developed by Rankine and Maxwell for analyzing 
forces in two-dimensional structures (Kodrnja et 
al., 2019; Lu et al., 2024). With advances in 
computational design, 3DGS now enables 
architects and engineers to explore efficient, 
force-driven geometries in three-dimensional 
contexts (Fivet, 2016). 

A core feature of 3DGS is the use of reciprocal 
form and force diagrams, which visually and 
geometrically represent structural equilibrium. 
These diagrams help designers intuitively analyze 
and control internal and external force flows, 
supporting the development of innovative 
structural forms (Akbari et al., 2022; Zhang et al., 
2021). The advent of algebraic 3D graphic statics 
has further advanced the method, providing 
algorithmic control over geometric and force 
constraints in three dimensions, beyond the limits 
of traditional planar analysis (Akbarzadeh and 
Hablicsek, 2020; Hablicsek et al., 2019). 

Among the outputs produced by 3DGS, VMs 
are particularly significant, as they embody both 
the geometry and structural logic of a design. In 
this research, we apply a graph-based 
decomposition algorithm to VMs generated by 
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3DGS, aiming to enable their fabrication from 
FSM. This approach bridges the gap between 
computational form-finding and material 
realization. 
 

Problem statement 
Although mesh segmentation and unfolding 

have advanced for surface meshes, there remains 
a lack of effective methods for decomposing VMs 
into flat, fabricable components—particularly 
those from computational form-finding such as 
3D Graphic Statics. Addressing this gap, we 
propose a dedicated graph-based decomposition 
algorithm that enables the practical fabrication 
and assembly of VM structures from FSM. 

METHODOLOGY 
To enable flat-sheet fabrication of VMs 

generated through 3D Graphic Statics form-
finding, we developed a graph-based 
decomposition framework specifically designed 
for multi-manifold mesh complexities. The 
methodology integrates mesh simplification, 
topological restructuring, and geometric 
unfolding in a six-step pipeline to produce 
fabricable segments. The following sections detail 
each component of this process. 

Mesh simplification 
To prepare the VM for fabrication, we first 

remove redundant faces while preserving 
essential load paths. This step reduces complexity 
and material usage without compromising 
structural integrity. 

Following the method proposed by (Lu et al., 
2022), we evaluate the mesh’s kinematic stability 
using an adapted matrix analysis. Faces are 
iteratively added until internal kinematic 
indeterminacy becomes zero, ensuring the 
structure is fully constrained. A face priority 
system guides this selection: faces with higher 
connectivity (more neighbors), smaller area, and 
critical topological roles (e.g., bridging single-

valence edges) are prioritized. Required faces can 
be manually assigned infinite priority, while non-
essential faces may be excluded from 
consideration. This targeted simplification 
produces a reduced yet stable mesh, optimized 
for subsequent segmentation and unfolding. 

Dual graph construction 
Once simplified, the mesh is transformed into 

a dual graph representation. In this graph, each 
node corresponds to a face of the VM, and edges 
connect nodes that share a common edge in the 
original mesh. This dual graph provides an 
abstract but structurally faithful representation of 
the mesh, suitable for traversal, segmentation 
(Nejur and Steinfeld, 2016). 

Edge Expansion: Decomposing Multi-
Manifold Edges 

In VMs generated through form-finding 
methods such as PolyFrame, multi-manifold 
edges—those shared by more than two faces—
are commonly encountered. These configurations 
complicate segmentation and unfolding, as most 
downstream algorithms assume a 2-manifold 
structure, where each edge is shared by exactly 
two faces. 

To resolve this, an edge expansion procedure 
is applied. Each multi-manifold edge is 
decomposed into a set of pairwise face 
connections within the dual graph. For every pair 
of faces incident to a shared mesh edge, a distinct 
dual edge is introduced. As a result, the original 
multi-face relationship is replaced by multiple 
unambiguous 2-face connections, ensuring that 
the dual graph maintains a consistent and 
tractable topology. 

This operation also introduces a distinct class 
of edges in the dual graph: 

• Standard edges correspond to typical 2-
manifold mesh edges. 

• Expanded edges are derived from the 
decomposition of multi-manifold edges and 
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represent synthetic connections between face 
pairs. 

These expanded edges are marked and 
tracked separately, allowing them to be treated 
differently in subsequent stages of the pipeline. 
Figure 1 illustrates the dual graph and the 
expanded edges resulting from a multi-manifold 
edge. 

 
 
 
 
 
 
 
 
 
 

 
 
 
 

Graph-Based Segmentation 
To segment the VM into fabricable 

components, the dual graph is weighted such that 
both standard and expanded edges receive 
values combining geometric and topological 
cues: 

Dihedral angle: The angle between adjacent 
faces measures geometric smoothness. Flatter 
angles (with less folding potential and larger 
angles) are assigned lower weights using a 
cosine-based function. 

 
 

 
Topological proximity: To quantify 

topological proximity, we implemented a function 
called HowManyInBetweenFaces(), which counts 
the number of faces positioned between two 
connected faces in the circular ordering around a 
shared edge. In multi-manifold cases, a higher 

count indicates a more distant relationship and 
results in an added penalty to the edge weight. 

By combining geometric and topological 
criteria, segmentation favors face pairs that are 
both smooth and directly connected, avoiding 
cuts across distant or ambiguous regions. 

A customized version of Kruskal’s algorithm is 
used to cluster the dual graph into subgraphs. 
Edges are sorted by weight, and face pairs are 
merged only if the edge falls within a user-
defined interval. The process continues until all 
eligible edges are processed, resulting in 
structurally meaningful, fabrication-ready 
segments suitable for unfolding and assembly 
from flat sheet material. 

Figure 2 illustrates one step in the algorithm. 
To extend the current segment from face A, 
neighboring faces B, C, and D are evaluated. The 
HowManyInBetweenFaces() function prioritizes 
direct neighbors (B and D) by assigning lower 
weights to face pairs with fewer intervening faces. 
Between the remaining candidates, the dihedral 
angles α (A–B) and β (A–D) are compared. Since 
face B has a smoother transition (i.e., a larger 
angle), it is selected to join the subgraph. 

Face offsetting and separation 
between segments 

After segmentation, each mesh face is offset 
within its surface plane using a user-defined 
coefficient. This in-plane offset slightly expands 
each face outward, creating controlled spacing 
and clear separation where faces were previously 
edge-to-edge. 

To maintain continuity within each segment, 
bridging faces are generated to fill the resulting 
gaps. These connectors ensure watertightness, 
preserving each component as a unified, 
fabricable element. No connectors are added at 
segment boundaries, where open gaps define the 
intended cut edges for fabrication and unfolding. 

In addition to separation, bridging faces 
provide practical folding margins—especially 
important for sheet materials that resist sharp 

Figure 1 
Visualization of 
edge expansion in 
a multi-manifold 
configuration. The 
central red edge 
represents a mesh 
edge shared by 
multiple faces. 
Expanded edges 
(green dashed 
lines) are 
introduced 
between dual 
graph nodes (red 
circles), converting 
the ambiguous 
multi-manifold 
edge into a set of 
pairwise 
connections 
suitable for graph-
based 
segmentation. 
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bending. These small transitions support 
smoother curves and reduce material stress 
during assembly. This strategy enhances both 
fabrication readiness and visual clarity: segments 
remain unified internally while cleanly separated 
from neighboring parts. Figure 3 illustrates this 

process, with bridging faces inserted only 
between connected elements, and cut 
edges(dashed lines) left open to mark 
segmentation. 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 

Unfolding of Segmented Components 
Once segmentation and in-plane offsetting 

are complete, each resulting component is 
treated as an isolated patch for unfolding into a 
flat, fabricable layout. These components—
composed of offset mesh faces connected by  

 

bridging faces—form topologically consistent, 
watertight submeshes. Each segment is projected 
onto a two-dimensional plane using a local 
unfolding strategy: starting from a central face, 
adjacent faces are iteratively laid out based on 
shared edges. This approach preserves face 
connectivity and ensures a coherent mapping 

Figure 2 
One step of the 
Kruskal algorithm: 
starting from face 
A, neighboring 
faces are 
evaluated. Face 
B(green node) is 
selected based on 
fewer in-between 
faces and a larger 
dihedral angle (α 
> β), resulting in a 
lower edge 
weight. 

 

 
Figure 3 
(a) Segment 
generated by the 
Kruskal-based 
algorithm. (b) 
Offset version of 
the same segment. 
Red circles show 
dual graph nodes; 
green lines 
indicate preserved 
face connections 
with bridging 
faces, while 
dashed green 
edges represent 
segmentation cuts 
where no 
connectors are 
added. 
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between 3D geometry and 2D fabrication 
patterns. 

Inspired by workflows such as Ivy (Nejur and 
Steinfeld, 2016), our method benefits from 
segmentation that promotes smooth transitions 
between faces. By evaluating dihedral angles, 
segments are shaped to reduce geometric 
distortion during unfolding. While this 
significantly lowers the risk of self-overlap, it does 
not eliminate it entirely, especially in regions with 
tight curvature or irregular geometry. 

Introducing gaps at segmentation boundaries 
allows patches to unfold with fewer constraints, 
avoiding entanglement with neighboring 
components. These gaps define clear fabrication 
cut lines and help organize fold margins. The 
resulting flat patterns are well-suited for sheet-
based manufacturing and can be accurately 
reassembled into their original 3D configuration. 

RESULTS 
This section presents a case study 

demonstrating the proposed methodology. A 
small bridge structure was modeled using the 
PolyFrame plugin, a form-finding tool based on 
3D Graphic Statics principles (Nejur and 
Akbarzadeh, 2021). PolyFrame allows designers to 
generate equilibrium-based force diagrams and 
derive corresponding spatial forms. As shown in 
Figure 4, the process begins with a force diagram 
from which a volumetric mesh is generated. 
Figure 4(a) shows the initial, low-resolution 
diagram composed of eight volumetric 
polyhedral cells, each representing an equilibrium 
of forces acting on a node. To support finer 
segmentation and fabrication, the diagram is 
refined by subdividing each face. As illustrated in 
Figure 4(b), edges are divided and connected to 
face centroids, producing a denser diagram with 
192 cells. This refinement improves both 
geometric articulation and force distribution by 
introducing more structural nodes and load-
bearing elements. 

Following this, force vectors are extracted 
from the geometry. In 3DGS, each face of a force 
polyhedron represents a force vector in 
equilibrium. As shown in Figure 5(a), the 
orientation and magnitude of face normals define 
the external loads acting on the structure. 

The final geometry is derived through the 
reciprocal relationship between force and form 
diagrams. Figure 5(b-1) shows the resulting form 
diagram, representing an equilibrium shape in 
which each structural element aligns 
perpendicularly to its corresponding force face. 
This polyhedral form is designed for fabrication 
from flat sheet material. For clarity, Figure 5(b-2) 
presents a bar-node abstraction of the same form, 
highlighting its multi-layer configuration and the 
distribution of force lines across stacked or 
interlocking planar components. 

Mesh simplification 
To reduce material usage and simplify 

geometry, the face elimination algorithm 
described in the methodology was applied to the 
case study. Each face is evaluated using a 
weighted combination of its edge count and 
surface area. These values are normalized, and 
their influence is controlled by user-defined 
coefficients. 

In this case, faces with more edges were 
prioritized for retention, while those with larger 
surface areas were deprioritized—favoring 
smaller, more articulated faces that better 
contribute to structural load paths. The edge 
count coefficient was set to 2.0, and the area 
coefficient to 0.5, emphasizing geometric 
complexity over size. This balance promotes 
structural efficiency while minimizing material 
waste. 

As shown in Figure 6(a), 54 out of 182 faces 
were eliminated using this heuristic (highlighted 
in red). The resulting simplified form in Figure 6(b) 
preserves the overall shape and critical load paths. 
Notably, this reduction achieves a 42% decrease 
in total sheet material area required for 
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fabrication, demonstrating the method’s 
effectiveness in improving material efficiency. 

Segmentation Result 
After face simplification, the resulting VM was 

segmented into connected, fabricable 
components for unfolding and reassembly. This 
was achieved using the dual graph of the 
simplified mesh, applying the Kruskal-based 
segmentation algorithm guided by dihedral 
angles and structural heuristics. 

Each resulting subgraph forms a 
geometrically coherent, topologically connected 
segment, designed to unfold with minimal risk of 
self-intersection. The segmentation process 
produced 35 distinct parts, each representing a 
flat-packable unit. 

Figure 6(c) shows the segmentation result. 
Each color-coded region represents a segment 
composed of mesh faces grouped by smooth 
geometric transitions and connectivity. These 
segments serve as the basis for unfolding and 
fabrication, maintaining the structural logic of the 
form while enabling construction from flat sheet 
material. 

DISCUSSION 
The proposed framework effectively 

decomposes complex volumetric VMs into 
fabricable flat-sheet components while 
preserving structural logic. By integrating 
simplification, segmentation, and offsetting, it 
achieves both material efficiency and geometric 

clarity. Notably, the face elimination step reduced 
required sheet area by 42% without 
compromising load paths. 

The in-plane offsetting strategy improved 
accessibility to internal regions and helped 
prevent unfolding collisions, enabling clean 
separation between segments. While unfolding 
remains sensitive to high curvature, the 
segmentation—guided by dihedral angles—
minimizes the risk of overlap. 

Overall, the method balances structural 
performance with fabrication readiness and offers 
a practical solution for realizing VM designs in 
FSMs. 

FUTURE WORKS 
While the proposed framework successfully 

segments and prepares volumetric meshes for 
flat-sheet fabrication, several aspects remain 
open for further development. In particular, 
connection detailing between segments requires 
additional consideration to ensure precise 
alignment and structural integrity during physical 
assembly. 

Moreover, as the number and complexity of 
segments increase, assembly order optimization 
becomes critical. In some generated forms, 
especially those with nested or layered regions, 
accessing certain parts for connection or folding 
can be challenging. Future work will focus on 
developing strategies to evaluate and optimize 
assembly sequences based on accessibility, 
stability, and fabrication constraints. 
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Figure 4 
(a) Initial 
volumetric force 
diagram 
composed of 8 
polyhedral cells 
generated using 
3D Graphic Statics. 
(b) Refined force 
diagram after 
subdivision, 
resulting in 192 
cells. Subdividing 
the force cells 
increases the 
resolution of the 
diagram, enabling 
the distribution of 
internal forces 
across a larger 
number of load-
bearing elements 
and creating a 
more structurally 
articulated 
geometry. 
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Figure 5 
(a) Force diagram 
with external 
forces shown as 
face normals. (b-1) 
Resulting form 
diagram from 
reciprocal form-
finding using 
3DGS. (b-2) Bar-
node 
representation 
highlighting the 
structure’s layered 
configuration and 
translation of 
force paths into a 
fabricable system. 

Figure 6 
(a) Faces removed 
(in red) based on 
weighted edge 
count and area. 54 
out of 182 faces 
were eliminated. 
(b) Simplified VM 
preserving load 
paths and 
geometry. (c) 
Segmentation 
result showing 35 
color-coded 
segments 
generated via dual 
graph and 
Kruskal-based 
algorithm. 
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