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This paper presents a framework for analog-digital hybrid parametric design modeling in
architecture, demonstrating a proof-of-concept that bridges computational paradigms.
While digital technology dominates current design tools, the presented work revisits
supplanted but resurging analog computing principles, highlighting their potential in
contemporary applications. Using catenary curves and cantilever beams as test cases,
this paper discusses a hybrid computing framework integrating Rhino/Grasshopper with
an analog computer via a custom hybrid controller. The approach translates physical
dynamics into differential equations solvable through analog computing elements, while
digital systems manage parametric variation and visualize results. At scale, this hybrid
approach offers significant advantages: Energy efficiency up to three orders of magnitude
better than purely digital solutions, perfect computational parallelism, and intuitive
relationships between physical properties and design parameters. The research
establishes a foundation for resource-efficient computational modeling that combines
analog efficiency with digital flexibility for architectural design applications.
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Equations, Geometry.

INTRODUCTION

Architectural design uses computational technolo-
gies to aid the design process, bridging the gap be-
tween the digital and physical worlds. It is well
known that current design-computational tools lev-
erage digital technologies to great effect. It is less
well known, however, that analog computing pre-
ceded the proliferation of digital computing in de-
sign. While digital approaches are generally based
on the execution of symbolically represented algo-
rithmic procedures, analog approaches are based on
the modeling of analogous physical principles (Ul-
mann, 2013, pp. 3-4). Such analogs may be direct,

using, as in Gaudi’s and Otto’s use of strings and ca-
bles in mechanical form-finding optimization (Tom-
low, 1989), on the same physical principles that de-
termine the behavior of the modeled phenomena, or
they may be indirect, using different physical princi-
ples as in the photoelastic analysis of gothic struc-
tures (Mark, 1983) or the analog electronic modeling
of structural dynamics (Adams and Morris, 1962). The
most widely used form of analog computing is the
indirect modeling of dynamic systems on electronic
analog computers. This approach to computing was
commonplace in the mid-twentieth century, but, by
the 1980s has been displaced by digital computing.
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Due to several benefits regarding energy effi-
ciency, parallelism and computational performance,
electronic analog computing and electronic analog-
digital hybrid computing are presently experiencing
a comeback (Demming, 2020; Platt, 2023; Ulmann,
2024). Key among these benefits is an energy and
time efficiency advantage of analog computing over
digital computing of 3+1 orders of magnitude (K6-
ppel et al, 2021, pp. 113-114), promising signifi-
cantly more sustainable computational modeling of
physical phenomena at scale with key application ar-
eas including scientific computing, engineering, and
gaming. This paper introduces the analog compu-
ting paradigm and analog-digital hybrid computing
in the context of architectural parametric design
with the goals of re-connecting architectural design
modeling with its analog roots and of paving a path
to resource-efficient future hybrid CAAD computing.
Specifically, it presents a proof-of-concept of, and a
workflow for, parametric analog-digital hybrid com-
puting of catenary curves in Rhino/Grasshopper. Ca-
tenary curves are formed by chains hanging loosely
from two end points (Behroozi, 2018). Inverted, cate-
nary curves are architecturally relevant as they de-
scribe structural arches that optimally distribute ver-
tical compression forces, as was famously harnessed
by Gaudi in his “hanging model” design for the
Church of Colonia Guell (Tomlow, 1989; Ulmann,
2016; Makert and Alves, 2016). In the computer-
aided architectural design context, this approach is
of interest as it permits interactive and co-rational
(Fischer, 2007, pp. 49-52) parametric explorations in
the design process

ANALOG COMPUTING

Analog computing is one of the three (analog, digi-
tal, and quantum) computational paradigms. Typical
analog computers are modular mechanical or elec-
tronic devices consisting of sets of computing ele-
ments such as summers, integrators, multiplier, in-
verters, and so on. They are programmed by con-
necting these elements with mechanical linkages in
case of mechanical analog computers or with wire
connections in the case of electronic analog
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computers. In typical applications, analog computer
programs solve differential equations, i.e., equations
describing the behavior of dynamic systems whose
solutions are not single values, but functions that
can be represented as curves. Analog computer pro-
gramming is thus a process of translating behaviors
of dynamic systems into (sets of) differential equa-
tions, which are then implemented by suitably con-
necting analog computing elements (Fischer and Ul-
mann, 2023, pp. 8-9). Variables in differential equa-
tions are commonly set and manipulated on analog
computers using coefficient potentiometers. Analog
computers are thus programmed by changing their
structure to form parametrically controlled ana-
logues of the phenomena that are to be modeled. In-
tegration (measuring the area under curves) is the
fundamental mathematical operation featured in
analog computing. In electronic analog computers,
this is achieved by charging and discharging small
capacitors in the feedback paths of operational am-
plifiers. Consequently, electronic analog computers
can solve so-called ordinary differential equations,
i.e., equations that are solved with respect to one in-
dependent variable that corresponds to computing
time (Ulmann, 2023, p. 17). In contrast to digital com-
puters, typical analog computers have no memory or
central processing unit processing symbolic instruc-
tions and data. Instead, they represent quantities as
continuous physical values (such as electrical volt-
ages in the case of most electronic analog comput-
ers), operating in perfect parallelism and without the
communication and synchronization bottlenecks as-
sociated with the sequential algorithmically con-
trolled operations of memory-programmable digital
computers (Ulmann, 2023, pp. 1-2). These funda-
mental differences between analog and digital com-
puting notwithstanding, the wiring of analog com-
puting elements on electronic analog computers is
akin to - and can be seen as a conceptual metaphor
underlying - the visual data flow modeling in Grass-
hopper.

Solving sets of differential equations that de-
scribe dynamic systems with variable inputs as func-
tions, analog computers have a close affinity with



Figure 1

User interface with
analog computing
elements of THAT
(source; Fischer and
Ullmann, 2023, p.
12)

the parametric modelling of geometric shapes and
dynamic (including optimizing) behavior for design-
computational purposes in Rhino/Grasshopper.
Electronic analog computers of the mid-twentieth
century offered limited numbers of computing ele-
ments that were hand-wired on patch fields. Future
electronic analog computers are currently being de-
veloped as in the form of digitally controlled inte-
grated circuits holding large numbers of analog
computing elements.

The Analog Thing

To re-popularize the analog computing paradigm
ahead of its expected comeback, a small-scale edu-
cational analog computer named THE ANALOG
THING (or simply “THAT”) has recently been brought
to market. As the only analog computer currently in
mass production, THAT was chosen to perform the
analog computing aspects of the proof-of-concept
discussed in this paper.
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Figure 1 shows the user interface and various analog
computing elements of THAT, including five integra-
tors, four summers, two multipliers, and eight coeffi-
cient potentiometers.

ANALOG-DIGITAL

HYBRID COMPUTING

As mentioned above, analog computers may be con-
trolled digitally. In this case, a digital computer may
start and end analog program runs and vary analog
computer program coefficients by setting the values
of digitally controlled potentiometers. During the
analog computer program run - in contrast to their
display on oscilloscope or plotting on paper in con-
ventional analog computing — their output functions
can then be sampled using analog-to-digital con-
verters and processed further by digital means. The
combination of a digital host with an analog elec-
tronic computer that is serving as an analog “copro-
cessor” in this way is referred to as an analog-digital
hybrid computer (Ulmann, 2023). Analog-digital hy-
brid computing can combine and harness the spe-
cific advantages of analog and digital computing. It
can also overcome the above-mentioned limitation
of electronic analog computing to one single inde-
pendent variable (time). Differential equations with
more than one independent variable (so-called par-
tial differential equations) can be solved on hybrid
computers by performing time-based analog com-
puting runs repeatedly under digital control with co-
efficients being adjusted under digital control to rep-
resent additional independent variables between
the analog program runs. For example, an analog in-
tegrator may be used to model the exponentially de-
caying radiation emitted from a radioactive isotope
over time. In analog-digital hybrid operation (i.e., un-
der digital control), this analog radioactive decay
program may be run repeatedly with a digital coeffi-
cient potentiometer being adjusted between each
analog program run to represent a second inde-
pendent variable such as the density of media
through which the emitted radiation travels.

THE ANALOG THING features a 16-pin “hybrid” con-
nector port to operate in this fashion (see item 5 hy-
brid port on top of Figure 1) under the control of a
digital computer. This mode of operation requires an
analog-digital hybrid controller.
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Hybrid controller

An analog-digital hybrid controller is a device that
serves as an interface between a digital host com-
puter and an analog computer. The first author is
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currently developing a hybrid controller for THAT,
which is currently in a prototype state and was used
for the proof-of-concept applications presented on
the following pages. Based on an ESP32 microcon-
troller, the hybrid controller connects to the PC via a
bidirectional USB-C connection and to THAT via its
hybrid port. It receives operating instructions from
the digital host PC, controls four digital coefficient
potentiometers as well as the operation of the inte-
grators of the analog computer, samples one or
more output functions produced by the analog com-
puter while communicating the sampled data back
to the digital host. Figure 2 shows an overview of the
system architecture of the prototype hybrid control-
ler.

Hybrid parametric design modeling
framework

Besides an analog-digital hybrid controller, a mini-
mal viable proof-of-concept framework and work-
flow for analog-digital hybrid parametric design
modeling requires both suitable hardware and suit-
able software. On the hardware side, it requires an
analog computer (we use THAT for this purpose) and
a suitable hybrid controller (we use the prototype
hybrid controller described above for this purpose).
On the software side, it requires a parametric geom-
etry modeling system (we use Rhino-Grasshopper
for this purpose) as well as a soft-ware interface be-
tween parametric geometry modeling system and
the hybrid controller. In Grasshopper, this interface
can be implemented as a Grasshopper component
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and may be implemented as either a general-pur-
pose analog-digital hybrid modeling component or
as a special-purpose component tailored to the
needs of just one specific application. For the pur-
poses of this proof-of-concept, we have imple-
mented a purpose-specific Grasshopper interface
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ARCHITECTURAL DESIGN APPLICATIONS
In the following two sections, we discuss two exam-
ple applications of the analog-digital hybrid para-
metric design modeling framework outlined above,
focusing on the modeling of catenary curves and
cantilever beams. In this section, we contextualize
that discussion by examining the parametric model-
ing of physical phenomena in Grasshopper by purely
digital means.

In purely digital parametric design modeling, ca-
tenary curves and cantilever beams are modeled us-
ing physics simulation plugins such as Kangaroo. Us-
ing Kangaroo, the generation of catenary curves or
cantilever beams is typically based on the setting of
key parameters, such as the number of line divisions,
the line segment strength, and gravitational load.
The digital simulation environment will then find the
corresponding form based on iterative or recursive
computation, imitating parallelism in the simulated
physical phenomena by way of essentially serial al-
gorithmic computation. This approach is subject to
several limitations and, especially at scale, potential
computational bottlenecks.

Figure 2

System
architecture of the
hybrid controller

Figure 3
Analog-digital
hybrid parametric
design framework



Figure 4
Catenary curves
generated using

Kangaroo

Figure 5
Mathematization of
the catenary curve

Firstly, Kangaroo generates geometry (catenary
curves/cantilever beams) based on user-defined line
divisions and gravitational load acting on each seg-
ment. These parameters do not directly reflect the
physical properties of catenary curves or cantilever
beams. Note that the lengths of the chains shown in
Figure 4 vary significantly when different with gravi-
tational loads are applied, which is not the case in
physical chains. Moreover, a designer experimenting
with a hanging model might first cut a length of
chain, which would then become an input to the
curve formed between two anchor points. The
length of the curve would not be an output of a
physical modeling “computation.”
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Secondly, the accuracy of catenary curves generated
using Kangaroo depends on the number of line seg-
ments with larger numbers of segments resulting in
more accurate results yet demanding greater digital
processing load, likely resulting in laggy perfor-
mance and interruptions to interactive design explo-
rations.

Thirdly, with increasing numbers of line seg-
ments, accuracy, and computational load, CPU en-
ergy demand and associated heat loss increase.
While this may seem negligible when generating sin-
gle curve, it may well be significant at scale. Interac-
tive design explorations of large networks of curves
(such as larger “hanging models”) would likely affect
operating times on battery-powered portable de-
vices, for example. At the scale of data-center level

scientific computing, energy consumption and con-
comitant cooling requirements may also be signifi-
cant. Conversely, the active components in digital-
analog hybrid modeling (capacitors and operational
amplifiers) operate on minimal power needs, are not
affected by digital resolution choices, and, regard-
less of intensity of use, do not generate significant
heat loss, obviating the need for passive or active
cooling. We argue that analog-digital hybrid compu-
ting therefore holds significant potential for intense
interactive design explorations.

CATENARY CURVE

As indicated in Figure 3, the analog-digital hybrid
computing workflow begins by translating the phe-
nomenon of interest into a suitable (set of) differen-
tial equation(s).

We assume a chain with uniform density, which is to
be modeled with the lowest point of the catenary
curve passing through the origin of an x/y coordi-
nate system. The length of the hanging chain line
is L, the force of gravity is My, the length of the line
segment from point O to point A is s, the horizontal
tensile force on point O is H , the force at point A is
F, , and the angle between the extension of the line
segment at point A and the horizontal is 0 (see Fig-
ure 5 and Lippmann, H. et al., 1961).
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The total weight of the line segment s, is mg *
s/L. According to the equilibrium property of force,
we can analyze the mechanics of point A to get the
following two equations:

F;sinf = Mg Q)
Fycos@ = H )

The tangent of the 6 angle is Mg/H = mgs/LH,
and since the tangent of the 6 angle is the slope of
the curve f (x), each x position in the function f (x)
corresponds to the value expressed as y, which satis-
fies the equation:

dy mgs
tanf = —x = (3)

d LH
Xq dy 2
= / il 4
Soa fo 1+(dx> dx (4)

The following equation can be obtained by com-
bining the above two equations (2) and (3) and tak-
ing the derivatives of x at the same time:

mgy/1+ »")? o (5)
LH =Y

Using the parameter a for mg/LH and solving
equation yields the following two solutions:

dy e@xX+co _ e—(ax+c0)

= > (6)

eaxX+co _ e—(ux+co)

;
o +C )

Through the above mathematical modeling, we
obtain the mathematical expression for the hanging
chain, bringing in the initial conditions f(0) =
0,f(0) = 0 for the hanging chain line determines
the values of ¢y and ¢;. The final equation can be ex-
pressed as:

Equation (8) determines the shape of the hang-
ing chain line for chains with different masses. The
implementation of this model in the analog-digital
hybrid parametric computing framework discussed
above is discussed in the following section.

y =
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Catenary curve implementation

dy edx _ g—ax

dx 2a ®
Equation (8) involves multiple mathematical opera-
tions including exponentiation, multiplication, divi-
sion, and subtraction. Mathematically, it is defined as
a hyperbolic sine function as shown below. Accord-
ing to this mathematical definition, the hyperbolic
cosine function mathematical description is also
shown below.

The following Equations 11 and 12 generate the

ax _ p-ax

cosh(ax) = 9)
2a
. eax + e—ax
sinh(ax) = g (10)
functions cosh(x) and sinh(x).
dcosh
M = x' sinh(x) (11)
da
sinh(x) ,
da =X cosh(x) (12)



Figure 6
Catenary curve
analog computer
program diagram

Figure 7

Wiring diagram
corresponding to
the program
shown in Figure 6

Figure 8
Analog-digital
hybrid computer
setup

Figure 9
Parametric
exploration of
catenary shapes

The corresponding analog computer program is
shown in diagrammatic form in Figure 6 and as a wir-
ing diagram for THAT in Figure 7.
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The Grasshopper program controls the setup de-
scribed in Figure 8 and shown in the photo in Figure
9. This purpose-specific Grasshopper component we
developed for this demonstration assumes the val-
ues of parameters g and H to be constant, with den-
sity being the adjustable variable. The anchor points
of the catenary curve are positioned in Rhino and

imported into Grasshopper. When user modifies the
density parameter, it is sent to the hybrid controller,
which then sets a digital coefficient potentiometer,
accordingly, initiates an analog program run and
samples the resulting output of the analog program
as a time series that is then transmitted back to the
host PC. This time series describes the catenary
shape corresponding with the specified density pa-
rameter.

This curveis used to generate chain geometry within
the Rhino-Grasshopper environment.

FiTTT.

A A
» x /
\\.»»4 g [iny
STEP 1 - Points set STEP 2 - Input parameter
A A
= ‘_’“4 x
Density =0.15

STEP 3 - Move points STEP 4 - Corresponding change

Users can modify the catenary curve by freely repo-
sitioning the anchor points and by adjusting the
density parameter to generate the curve model. This
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approach simplifies the relationship between pa-
rameters and material properties. The value of a di-
rectly correlates with the physical attributes of the
material, providing a clear demonstration of the ma-
terial selection and the resulting catenary curve,
serving here as a minimal viable interactive digital-
analog hybrid design computation process.

CANTILEVER BEAM

The digital-analog hybrid parametric design model-
ing of a cantilever beams follows a similar sequence
of steps as that taken to model the catenary curves.
It begins with an analysis of the physical phenomena
and get the differential equation.

We assume a cantilever beam of length L and
flexural stiffness EI receiving a uniform load g,. Ac-
cording to the Euler-Bernoulli beam theory (Timo-
shenko, 1953). Its bending governing equation is:

El— = q (13)

The boundary conditions are (x =0),w(x) =
0, w'(x) on the fixed end and (x =L),w'"'(L) =0

d3

EI d—xa; =qox + C; (14)
d*w

El -5 = 40X — QoL (15)

on the free end of the beam. Integrating the govern-
ing equations and assuming that the free end shear
is zero yields the following:

We integrate again and substitute the condition that
the free end bending moment is zero:

d’w q

EIW=?OXZ—QOLX+CZ (16)
d*w L?

El——= %xz — qolx + CIoz 17)

We continue the integration and substitute the con-
dition that the fixed end turning angle is zero:
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We integrate and substitute the condition that the
displacement at the fixed end is zero:

dw qo qoL qol?
Ela=€x3—7x2+7x+c3 (18)
dw g 3 QoL , qol?
0, 107 - 19
El— =—2x® ——-x+=—x (19)
_ 4 4 _ 3 2.2
w(x) JAE] (x* —4Lx3 + 61%x%) (21)
Luw\x):ﬁx'—?x’-rTx’-qu \&v)

Thus, the analytical solution for the displacement
field is obtained:

Cantilever beam implementation
Figure 10 shows an analog computer program dia-
gram corresponding to Equation 21.

As Equation 21 involves three multiplications and
THAT is equipped with two multipliers, the imple-
mentation of the cantilever equation requires a sec-
ond THAT. The Analog Thing is equipped with “Mas-
ter Out” and “Minion In” ports that allow daisy-chain-
ing multiple of these devices to operate together.
This connection ensures the control of the integrator
if downstream (“minion”) THATSs by the “master” one.
This is not strictly necessary in for this particular pro-
gram, as it merely uses a multiplier from the addi-
tional THAT, which requires no master control. In-
stead, a patch cable to ensure common ground be-
tween both analog computes is used, as shown in

Figure 10
Cantilever beam
analog computer
program diagram



Figure 11

Wiring diagram
corresponding to

the program shown in
Figure 10

Figure 12
Analog-digital
hybrid computer
setup

Figure 13
Parametric explora-
tion of bending
beam shapes
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the wiring diagram corresponding to the above pro-
gram shown in Figure 11.

()
.
I.
2.
o o o),

Using Grasshopper to visualize cantilever beams also
takes the bidirectional USB-C connection. Input the
parameters in Grasshopper, send data and calculate,
return data. The implementation demonstrated in
Figure 12.

A

Stiffness

< g

STEP 1 - Point set STEP 2 - Input parameter

To run this program, the user first sets a straight hor-
izontal line in Rhino and a point in Grasshopper, as
shown in Step 1 in Figure 13. The straight line repre-
sents the median line at which the beam is not sub-
ject to external forces and does not undergo bend-
ing deformation. The input point represents the
fixed end at which the beam is anchored, restricting
all translational and rotational degrees of freedom
(i.e., a fixed support condition). This constraint en-
sures the beam can only deform under applied loads
while maintaining zero displacement and rotation at
the specified point. Step 2 in Figure 13 shows the re-
sults obtained with different input parameters (0.1,
0.3,0.5,0.7) denoting different material properties as
described in Equation 21. It represents the product
of density, gravity, cross-sectional area, and Young's
modulus. User input the specific material parameters
to find the actual shape geometry.

CONCLUSION

The proof-of-concept of digital-analog hybrid para-
metric design modeling presented in this paper
demonstrates a novel concept for advanced para-
metric design modeling, incorporating both the dig-
ital and the analog computing paradigm. Using the
modeling of catenary curves and bending cantilever
beams as an architecturally relevant example appli-
cations, it shows the feasibility of analog-digital hy-
brid computing in architectural computer-aided de-
sign. In this approach, hybrid controllers solve the in-
tegration challenges between analog and digital sys-
tems, allowing the harnessing of highly energy effi-
cient analog computation in combination with the
flexibility and simplicity of digital parametric design
and 3D geometry modeling, bridging the gap be-
tween resource-efficient analog computation and
the digital parametric design.
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